CS (MAIN) EXAM, 2010

SL.Ne. 253 - | C-DTN-K-NUB

MATHEMATICS
Paper 11

Time Allowed : Three Hours| | Maximum Marks : 300

INSTRUCTIONS

Each question is printed both in Hindi and in
English.

Answers must be written in the medium
specified in the Admission Certificate issued
to vou, which must be stated clearly on the
cover of the answer-book in the space
provided for the purpose. No marks will be
given for the answers written in a medium
other than that specified in the Admission
Certificate.

Candidates should attempt Questions 1 and
S which are compulsory, and any three of the
remaining questions selecting at least one
guestion from each Section.

Assume suitable data if considered necessary
and indicate the same cleariy.

Symbols and notations carry usual meaning,
.unless otherwise indicated.

All questions carry equal mdrks.
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Section ‘A’
1. Adempt 'any JSive of the following :

- (@) Let G =IR —{-1} be the set of all real numbers
omitting —1. Define the binary relation * on G

by axb=a+ b+ ab. Show (G, *) is a group
and it is abelian 12

(b) Show that a cyclic group of order 6 is
isomorphic to the product of a cyclic group of
order 2 and a cyclic group of order 3. Can you
generalize this ? Justify. 12

(c) Discuss the convergence of the sequence {x,}
_ [;m] '
S| —
—_ N2/ 12

(d) Define {x,} by x;=5 and

Xppl =J4+x, for n>1. 12
(1+17)

Show that the sequence convergesto >~ 7,
(e) Show that
u(x, v) = 2x — X3+ 3xy2 is a harmonic function.

- Find a harmonic conjugate of u(x, y). Hence
find the analytic function f for which u(x, y) is
the real part. . | 12

C-DTN-K-NUB 2 {Contd.)




| | Qv ‘=

1. F=fafan § & G o= & o &g -
() -1 W DPreax o TEaRE gEni $oanaa
W G=R-{-1} AR G R &t d=e « A
a * b = a + b + ab g1 atcaiom Hifsro ) fgagy
(G, %) U% 99E § ¥R gg ATl g | 12
(@) Rag r w1 6 srum sfm g =ie 2 &
T 9ehig g R &I 3 & THFashd 98 &
PART § TEATRRT AT | T AT TR
STIhHIHRTOT FT aha © ¢ Af9g samu | - 12

(1) s {x,} & sfrarfar € Gl S,

ni\. . |

= x, M) (82) | < | 12
() {x, }Ehhfxl—SaﬁT

"> l'a?f%'l"lan -—1f4+.1n %WﬁﬂTﬁHﬁ%ﬁQ!

femey f saw (H"/_) £ N siraa
FAT & | '- . 12
(%) Remu &

t(x, y)='2.x-33+3xy2‘11$ ISl FAT 2 |
u(x, y) F1 TF gHAET @gE @ fifg | e
o w7 F A a?rﬁ{q%m-q:f%lq u(x, y)

aT&rI%ﬁHWT%l | - 12
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() Construét the dual of the primal problem :.

Maximize z=2x;+x,+ x5, subject to the
constraints x; +x, + x3 = 6, 3x| ~ 2x5 + 3x3=3,
—4x + 3xy— 6xy =1, and x;, x5, x5 = O. 12

2. ‘(a) Let (IR* , ) be the multiplicative group of non-
zero reals and (GL (n, IR), X) be the multi-
plicative group of nxn non-singular real
.matrices. Show that the quotient group
GL (n, R}/SL (n, IR) and (IR X ) are 1so-
morphic where

SL(n, R)={AcGL (n, IR)/det A =1}

What is the centre of GL (1, IR) ? 15

() Let C={f:7=[0, 1]— IR|f is continuous}.

Show C is a commutative ring with 1 under
pointwise addition and multiplication.

Determine whether -C is an integral domain.
3 Explain. _ ‘ 15

{c) Define the function

.1 .
xzsm;» if x 2 0

)
= 0; if x=0

Find f’(x). Is f’(x) continuous at x = 0?
Justify your ‘answer. 15
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(a)mm
aﬁmﬁwﬁﬁqa_le+lz+x3w
SgEIERT & ST
x|+ X5 +x32 6, 3x; — 2x4 + 3x4=3,
—4x; + 3x, — 6xy = 1, N xl,xz,'x3 ;0.'ﬁ
gfeaaear € AT fifsig | 12

2. (%)W dif (R”, ) e arefie dean
T UFTHS T8 © 3R (GL (n, R), X)

n % n SRRV ATK(GS AR T VAT
ag 2 | femmsu & faamr oy

GL (n, R)/SL (n, R) 3T (IR", ) ey

SL (ri, R)={AeGL (n, IR)/det A=1} ¥ |
GL(n, R) T & T & 7 15"

(@) Aifsg c={r:7=[0, 1] > R|f d@aa &}
fee=g fawgar: arr oK oM & enefiw € w1
afea Fwfata s @) fFRufo fife & ¢
U quifhlg i & | aueEy | | 15

(1) e gfonfya fifsg

) = x sm-— afdx » O

:0, le'%x=0
F(x) FA RPN AT =0 R f/(x) Taa ?
HAGA I &7 oifSem |Sa=u | . 15
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(d)

(b)

(c)

(d)

4. (a)

o 2
Consider the series 2. s
n=0 K1+x )

Find the values of x for which it is convergent
and also the sum function.

~Is the convergence uniform.? Justify your

answer. , i5

Consider the polynomial ring Qlx]. Show
p(x) = x3 «~ 2 is irreducible over Q. Let I be the
ideal in Q[x] generated by p(x). Then show
that O [x]/7 is a field and that each element of
it is of the form ay + a;r + aztz with a,, a,, a,
in Qand t=x+1 - 15

Show that the quotient ring 2 [{]J/(1 + 30) is
isomorphic to the ring Z/10Z where Z [i]

~ denotes the ring of Gaussian integers. 135

let fL(x)=x"on —-l<xg !l forn=1, 2, ..
Find the limit function. Is the convergence
uniform ? Justify your answer. - 15

Find the maxima, minima and saddle points of
_ - : —xt=y?)2
the surface Z:(xz-*yz)e{: =y . 15

(i) Evaluate the line integral [ f(z) dz where
c

f(@) = 72, ¢ is the boundary of the triangle
with vertices A (0, 0), 8(1,0), C(1,2)in °
that order.

(11) Find the image of the finite vertical strip
R: x=5tox=9, -1t <y < 7 of z-plane
under exponential function. 15
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2

() By T — ,,ﬁﬁﬁ‘ﬁ'lﬁ‘ll
n=0 (1+x)

x%%mmﬁaﬁﬁqﬁﬁ%qa%ar&m%
IR A Fem o7 e difsg | war srfsaeor

. UEHHHAT § 7 99 39 &7 Aaw Idmsu | 15
3. (F)wgus ao@ Qx] AW i) Remy Q@ WX
p(X)=x> -2 HAGRWHT B WA W@ 7
p(x) ¥ ST Qx} # Tt ® |y feamg &
Qlx1/1 & & 8 3 5 T9a1 90 3999 q,

ay, azQﬁﬁT t=x+1FGA a0+a.l_r+a232
T FTE | 15
(@) e & T asa z [ + 30 9992/ 10Z
ﬁﬁwmfr%asrzmmamﬁa:m

ﬁ'ﬂ:ﬁlﬁm%l 15
(M &RT n=1 2 ... FRT -l<cxgl W
f,x)=xt
mwmaﬁﬁqlwmw%?
IGX I T e sy | 15
(@) 78 2=(x2-»*) E7 77" % Sfars, Fiferes
: aﬁ?:q?-mvrﬁg?ﬁﬁmﬁﬁql 15

4. (F) () WA [ f(z) dz FT1 a7 Fenrferg st

f(2) =22, e &N A (0, 0), B (1,00, C (1, 2),
T A A, It P frefedsmrg
(i) |ATATRT B & el z-waaer $r afifia

Feateag I
R: x=5® x=9 T=F, —'n<:y<:ﬂ:EFr
gfafers sma fifsa , 15
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(b) Find the Laurent series of the function

.

for O<|z|<oo

where C, =— j cos (n¢ — Asm P)de,
n=0, 1, £2, .....

with A a given complex number and taking the
unit circle C given by z=e®(—n< ¢ <) as
contour in this region. 15

(¢) Determine an optimal transportation pro-
gramme so that the transportation cost of
340 tons of a certain type of material from
three factories Fy, F,, I; to five warehouses
W,, W,, Wy, W, W is minimized. The five
warechouses must receive 40 tons, 50 tons,
70 tons, 90 tons and 90 tons respectively. The
availability of the material at F,, F,, Fj is
100 tons, 120 tons, 120 tons respectively. The
transportation costs per ton from factories to
warehouses are given in the table below :

w, | W, | Wy | W, | Wi
F, 4 1 2 6| 9
F, 6 4 | 3 7
Fy 5 2 6 - 4 8

Use Vogel's approximation method to obtain
the initial basic feasible solution. ,
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(@) 0 <|zl< oo & forg weA

(1)

= —eo

-f(z)-- exp[l(z-——)il £ FIT =it Z G 2

<
¥ = F 1 Hrirg st w9 gf ufthy ger A
% " K z=e(-n< ¢ <7n) § Rumw w=wiw

9T C 70 8 F qFET & w9 A A gy

_[ cos (n¢ — A sin ¢)d¢,

n=90, *1,

-1

n _J"-L:
2, ...
15

us Tean gfagd gnm Faife fivg Ses
o FY Uk 9 ¥ 340 T WA T a1 HazfeE
F|. F,, F, & afF Ma W, W,, W;, W,. W
d% o S ® qfiged W gaaA 8 9=
qraral § FA: 40 29, 50 T, 70 24, 90 T R
90 T ATH TEAAT AMEQ | F|, F,, Fy 9 "1 HT

gTeaaT SRR 100 &, 120 =, 120 2 B
et & meErEt aw i gfd =9 gkaga s

W Wz W3 Wy W;s

F, | 4 1 2 6 9

F, | 6 4 3 5 7

Fy | 5 2 6 4 8
mﬁmamﬁqmm%ama?ﬁ%%qm
£ wfeare fafer w1 o Hifery | 30
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Section B’
5. Attempt any five of the following :
" (a) Solve t.h_e PDE
(D? - D) (D-2D")Z = ***” + xy. 12
(b) Find the surface satisfying the PDE
(02 —2DD’+ D’? )Z =0 and the conditions
that bZ'= y?2 when x = 0 and aZ = x2 whc:n '
y = 0. ' 12
(c). Find the posifive root of the equation
_lee—x2—1=0 .
correct up to 6 decimal places by using

Newton-Raphson method. Carry out compu-
~—  tations only for three iterations. 12

(d) (1) Suppose a computer spends 60 per cent
of its time handling a particular type of
computation when running 'a given
program and its manufacturers make a
change that improves its performance on
that type of computation by a factor of
10. If the program takes 100 sec to
execute, what will its execution time be
after the change ?

(i1) If A©@B=AB + A’B, find the value of
xPvDz. 6+6

(¢) A uniform lamina is bounded by a parabolic
arc of latus rectum 4a and a double ordinate at
‘a distance b from the vertex.

If b= -‘;-‘(7 +4+/7), show that two of the princi-

pal axes at the end of a latus rectum are the
tangent and normal there. 12
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e ‘o’
5. frferfaa & @ gl o & st difvo .
- (F) wiTfRrer Hawer aEiERer (PDE) _
‘ (JD2 )(D 2D)Z = ™Y 4 xy

&7 g frertfera | 12
(ta') T oraehel @HIGYT (PDE)
(D2—2DD + D )z 0

aﬁtqﬁa‘%ﬁ%bz=y2mx=03ﬁiaz=x2ﬁa
y=0RAFAIRATS R AR 12
- (31) g2A- Wﬁ%mmaﬁ:m

’ IOxe"l —-l-—O '
%eammm%mﬁamrmﬁm
Fifoe | Fag @iv ot o & sfsewas
Fiforg | 12

(7)) @) Wﬁ%ﬁ%ﬁmﬁwﬁﬁ
g =t mgqqa;ﬁaﬁm
ot &hl & T 3199 THT =7 60 yfaera
YT T 8 K 3o fwtar o afed=
Fla & orad 39 9<e & afwees ax @
amﬁcrlo QR g star € | afs g

frlﬂt}@rqﬁrs'ﬁa'r% ar afiada
%;maaﬂ—rﬁmrra:rmwg‘mr? .

Gi) afs A®@B=AB +A’B, &
x®y®z & A 77 Kifora 6+6
() U CHEHTT Yed AT 4a aTter YadATaeE 909
S AT & g b o wF fgmrfe & afEge &)
qﬁb=-§:(7+4ﬁ)%,?ﬁ1%m€q%qa;mﬁ?—ia

F iR 9 7o e A ¥ < onf dmy Wik wmr )
arﬁwra%l 12
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6. (a)

(b)

©)

?. (a)

(b)

-
Xy, +2x"u

In an incompressible fluid the vorticity at
every point is constant in magnitude and direc-
tion; show that the components of velocity
u, v, w are solutions of Laplace’s equation.12

Soive the following pairtial differential equa-
tion

. YPptryg=x
x5(5) =5, yo(8) =1, z45(s) =2s )
by the method of characteristics. 20

Reduce the following 2nd order partial
differential equation into canonical form and
find its general solution '

~u, =0. . 20

Xy
Solve the following heat equation
u~-u,=0 0<x<2, >0
w0, D=ul2, =0, t>0 - .
ulx, ) = x(2-x), 0 = x < 2. 20

Given the system of equations

2Zx+3y=1 .

2x +4y +z=2

2y + 6z + Aw =4

4z + Bw=C
State the solvability and uniqueness condi-
tions for the system. Give the solution when it
exists. ' _ 20

" Find the valﬁe of the integral

5
j log,o x dx
1

by using Simpson's i-rule correct up to

4 decimai places. Take 8 subintervals in your
computation. 20
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('a)%ﬁaﬁﬁgamﬁaﬁamsﬁﬁr—gw
afcaTer 3 faem % wramm 2, REee & 3w S
‘ﬂﬁu,v,wwmﬁsﬁﬁ'l 12

6. (=) sfvrereront 7 fafer & feafafag iR smse
| pryg=Xx '
 xg(s) =5, yo(s) = 1, .:.0(3)_25'35?'&‘?{‘@'&1"{! -
_ 20
(ﬁ)ﬁwﬁr%a fﬁaﬁﬁr anﬁﬁﬁ ARl GHIR

v +2x%u,, —u, =0 #t fafex &9 F guEg

ﬁﬁqﬁzﬁ%WaﬁaﬁdeI 20
(1) ﬁm‘%ﬁa%ﬁzwaﬁwﬁﬁq

—-u.,.=0, 0<x<2,°¢r>0
{0, t)—- u@, =0 1>0
u(x, 0): x(Z2—x), 0 < x = 2. 20

e

7. (m)aﬁaﬂwﬁaﬂaﬁmw%
2x+ 3y =1
2x+4y +z=2
2y +6z+Aw=4

. 4z+Bw=C
Freera & oo grefiar s sifadaar afaesy
S EaRU | s sfSfu g ageadT &1 0 20

(H)ﬁtm%%%’r%ﬁnw%:mﬁmmm

Ilogmldxaﬁr4aama—q'aﬁaaﬁmﬁam

s HfT 1 g sifae ® Baqma‘raﬁ
Fifsrg | 20
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(b)

(i) Find the hexadecimal equi'valént of the-
decimal number (587632),,

(i1) For the given set of data points

(x1, FG) (xa, flx2)), o (x5 F(x0))

.write an algorithm to find the value of
f(x) by using Lagrange’s interpolation
formula.’

(iii) . Using Boolean algebra, simplify the
following expressions

(i) a+a’b+abct+a’b’c’'d+......
(1) xy'z+4+yz+xz
where x” represents the complement of x.

S5+10+5

A sphere of radius @ and mass m rolls down a

" rough plane inclined at an angle’ o to the

horizontal. If x be the distance of the point of
contact of the sphere from a fixed point on the
plane, find the acceleration by using
Hamilton’s equations. _ 30

When a pair of equal and opposite rectilinear
vortices are situated in a long circular cylinder
at equal distances from its axis, show that the
path of each vortex is given by the equation

(rzsinze.‘-—- bz) (r2 —a* )2 = 4a2b2r23in29,

g being measured from the line through the
centre perpendicular to the joint of the
vortices. 30
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(?1) () =vHEE e (587632),4 % T SEEIHAT
T Fferg o
i) = el & R gy s |
e FOD), (x2s f(a2))s e (x £(X,)
& forg sui siadyT- g & IR f(x)
F A AR A & [0 & qSEfEn
| ferfeag |
(i1i) q;a‘\naﬁsrraﬁa:ramaﬂﬁ: ﬁmﬁaﬁaa
- E F g Hifsrg |

(1) at+a’b+a'b’c+a’b’c'd+......
G1) x¥'z+yz+xz

el x* x%{@ﬁﬁqﬁaaﬁm%a
5+10+5

8. (Eﬁ)ﬁl@TaaﬁTW:nW@ﬁﬂT@ﬁlﬁ#m
o R gF gU UF & GHA 9 JaFaT | af¥ x
e 9 T e frg & W ¥ ooy faeg
g B, ot effeen geitecor &1 IaahT 33 =T
T HIT | . 30
(F) 515 @9 3R e @ afiet o1 o 3w o
S I ST F 7@ qw § §Ee g 9 e

g, oY fewrse fof g wftrer &1 o aviier

N ?rﬁmg:an% ewm%éﬁﬁmmﬁ
o %@T%a‘r%aﬁa‘r%ﬁﬁswm%l 30
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oy A-a=x 11

qaAT : i "o | | qurfss : 300

‘ AT
g ge =t 3R siistt @At 7 war 4

: gﬁa’f%aﬁteﬁmﬁ%@aﬁmﬁq_

forger Jeor@ 9es 9Ir-97 &7 [Far 7471 8,
AR 3 AEgH & ¥ IooE IUl-YEIF &
qEyy T sifed [AfdE e 93 fFar e
FTeT | FaeT- 9 9% Sfecrfad A5 & falkeh
7 et qreg ® for@ 19 39K 9T &S HF

. AqET @3 S|

geT HeAT 1 3R 5 aﬁma‘?:aﬁ%gw?##
qoF @S & FHA-T-FH OF YT FAHT el
a??,rm:f’r%ema?ﬁrm

gfz saeaw g df I9gTh Hiwhsl F qGT
aﬁﬁqawaaaﬁﬁﬁ@aﬁﬁrqr

=T 7 FEr 79T g/ ‘
&9 YT & HFH HIT E |

Note :

English version of the Instructions is printéd on
the front cover of this gquestion paper.






